MULTIPLE SOLUTIONS TO A MAGNETIC NONLINEAR 
CHOQUARD EQUATION 
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Abstract. We consider the stationary nonlinear magnetic Choquard equation 



(-iV + A{x))' 2 u + V{x)u = (^y^ * \u\ p ^j \u\ p ~ 2 u, 



x e - 



where A is a real valued vector potential, V is a real valued scalar potential, 
N > 3, a £ (0, N) and 2 - (a/N) < p < (2N - a)/{N - 2). Wc assume that 
both A and V are compatible with the action of some group G of linear isome- 
tries of R . We establish the existence of multiple complex valued solutions 
to this equation which satisfy the symmetry condition 

u{gx) = r(g)u(x) for all g € G, x g R N , 

where r ■ G — > S 1 is a given group homomorphism into the unit complex 
numbers. 
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1. Introduction and statement of results 
We consider the stationary nonlinear magnetic Choquard problem 

' (-iV + A{x)) 2 u + V(x)u = * \ufj \u\p- 2 u, 

(1-1) <ueL 2 (R N ,C), 

Vu + iA(x)u e L 2 (R N ,C N ), 

where A : M. N — > M. N is a C 1 -vector potential, V : R — > R is a bounded continuous 

a_ 2N-a 
AT' N-2 



scalar potential with mf K « V > 0, N > 3, a <E (0, N) and p e (2 - §, ^ff ) 
The special case 

(1.2) -Au + u= ^y-j-pM^u, ueil^R 3 ), 

is commonly referred to as the stationary Choquard equation. It arises in an ap- 
proximation to Hartree-Fock theory for a one component plasma, and has many 
interesting applications in the quantum theory of large systems of non-relativistic 
bosonic atoms and molecules, see e.g. [Ill [T2l HB] and the references therein. In 
his 1977 paper [TJ] Lieb proved the existence and uniqueness, up to translations, 
of the ground state to equation (jl.2l) . Later, in [17], Lions showed the existence of 
a sequence of radially symmetric solutions to this equation. 
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Equation ()1.2[) was also introduced by Penrose in his discussion on the self- 
gravitational collapse of a quantum mechanical wave-function 25, 26, 27]. In this 
context it is usually called the Schrodinger-Newton equation. Penrose suggested 
that the solutions of (jl.2p . up to reparametrization, are the basic stationary states 
which do not spontaneously collapse any further, within a certain time scale. It is 
therefore of interest to investigate these basic solutions, as has been done e.g. in 

mum [an]. 

The eigenvalue problem associated to problems similar to (|l.ll) with N = 3 and 
p = 2 has been investigated by several authors, both in the magnetic and nonmag- 
netic case, see e.g. [9] [11] [8] and the references therein. In [1] Ackermann considered 
periodic potentials V and proved the existence of infinitely many solutions to prob- 
lem (|l.ip for A = 0. A problem similar to (|1.2|) involving a nonautonomous nonlocal 
term was studied in [33j . 

Recently, Ma and Zhao [20 studied the generalized stationary nonlinear Choquard 
problem 

(13) r-At»+« = ( 1 ^ r *H*')i«r 2 ti > 

\u£H 1 {R N ). 

Under some assumptions on a, p and N, which include the classical case, they 
showed that every positive solution to (|1.3|) is radially symmetric and monotone 
decreasing about some point. Using this fact, they proved that the positive solution 
to the Choquard equation (|1.2[) -and not only the ground state- is unique up to 
translations. Uniqueness of positive solutions in dimensions greater than 3 is still 
an open question. 

Scmiclassical solutions to problem (|1.1|) for iV = 3, a = 1, p = 2, have been 
recently obtained in (33] [2H [31] when A = 0, and in gj [5] when A^O. 

In this paper we consider the case where both the vector and the scalar potential 
have some symmetries. To be precise, we consider a closed subgroup G of the group 
O(N) of linear isometries of 1* and assume that A and V satisfy 

(1.4) A{gx) = gA{x) and V{gx) = V{x) for all g £ G, x £ R N . 
We look for solutions to problem (|l.ip which satisfy 

(1.5) u(gx) = t{ 9 )u{x) for all g £ G, x £ R N , 

where r : G — > S 1 is a given continuous group homomorphism into the unit complex 
numbers S . Solutions with this property are called intertwining. Condition (]1.5[) 
implies that the absolute value |u| of u is G-invariant, i.e. 

\u{gx)\ = \u(x)\ for all g £ G, x £ R N , 

whereas the phase of u{gx) is that of u(x) multiplied by r(g). 

It might happen that every function satisfying (|1.5[) is trivial. For example, 
if G = O(N) and r(g) is the determinant of g then for each x € R N we may 
choose a g x £ O(N) with g x x = x and r(g x ) = — 1. If u : R N —> C satisfies (ll.5[) 
then u(x) = u(g x x) = —u(x). Hence u = 0. To avoid this behavior we introduce 
assumption (Ho) below. 

First we introduce some notation. For x £ R N we denote by Gx := {gx : g £ G} 
the G-orbit of x and by G x := {g £ G : gx — x] its isotropy group. We write #Ga; 
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for the cardinality of Gx and ker t for the kernel of r. Set 

inf{|g:c — hx\ : g,h G G, gx ^ hx} if #Gx > 1, 



6g{x) 



2 x 



{x G 



i>JV 



1, #Gx 



yeR N \{o} 



if #Gai = 1, 
#Gy, G x C kerr}, 



- max(5 G (x). 

Z iEE T 



Then, 6 T G [0,1]. Note that Jg(x) = if #Gx = oo. Hence, if S T > 0, some G-orbit 
in S T must be finite. 
Set 

27V 



2. 



N 



nip, 



pN 



N 



n 



f(2p-2)N (2p - 1)N 
\N+2-a N+2-a 



n 



(2p-l)N 



2N- 



We prove the following results. 

Theorem 1.1. Assume that #Gx = oo for every x € \ {0} and that the 
following holds: 

(Ho) There exists x G M. N such that G x C kerr. 

Then problem (jl.ip has a sequence (u n ) of nontrivial solutions which satisfy 
and 



(1.6) 



lim 



(I 



Vm„ + iAu n \ 



Theorem 1.2. Assume E T ^ and the following hold: 

(H x ) pe [2, (2JV - a)/(JV - 2)) and A Q , P ^ 0. 

(££2) li m |x|-i.oo ^C 21 ) — ^oo a7ia " t/iere exisi c > 0, g > and k G (0, 2oWK») sucA 
iftai 

|^(a;)| 2 + V(a:) < - Coe"" 1 * 1 /or a« x&R N with \x\ > g. 
Then problem (II. ip has at least one nontrivial solution which satisfies (|1.5I) . 

Note that, if N = 3, p = 2 and a = 1, then A Q!P = (2, 9/4] and assumption (-Hi) 
holds. 

Theorem 11.11 may be applied, in particular, to the generalized Choquard problem 
(|1.3[) . Assumption (Ho) holds for every r if G acts freely on R w \{0}. This is true, 
for example, if N is even and G := S 1 acts on R N = C N ^ 2 by complex multiplication 
on each complex coordinate. If A and V satisfy (11.4[) for this S^action then, for 
each m G Z, taking t(£) := £ m in Theorem 11.11 we obtain a sequence (it m , n ) of 
solutions to problem (|1.1|) which satisfy 

u m ,n(Cx) = r«m,nW for all C G S 1 , x G R N . 

Thus, the restriction of u m ^ n to a.e. § 1 -orbit in M. N \ {0} is a map of degree m, for 
appropriately chosen orientations. It follows that the solutions u m n , m G Z, n G N, 
are all different from one another. An example of a magnetic potential A satisfying 
(|1 .4|) for this S^action is A(z\, £jv72) — (i^i; 1^/2) j whose associated magnetic 
field -B = curlA is constant. 

Solutions with similar properties are given by Theorem 11.21 if A and V satisfy 
assumption (jl.4p for some finite subgroup of S 1 only. Indeed, if G is the cyclic 
group generated by e 2rri / k and (Hi) and (#2) hold for S T := sm(n/k), k > 2, we 
obtain solutions uq, . . . , ujt-i satisfying 



Um(C^) = C mM m(x) for all ( EG, x G 



niV 



0,...,fc- 1. 
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These solutions are clearly pairwise different. 

Both theorems will be proved using variational methods. The main difficulty 
is, as usual, the lack of compactness. We show that the variational functional 
associated to problem (jf .11) subject to the constraint (jf ,5|) satisfies the Palais-Smale 
condition below some energy level determined by the G-action and the value of V 
at infinity. The Palais-Smale condition holds at all levels when every G-orbit in 
Wi N \ {0} is infinite. This allows us to apply the symmetric mountain pass theorem 
to prove Theorem II. f I once we show that the domain of the variational functional 
is an infinite-dimensional Hilbert space. The proof of Theorem If .21 is based on 
showing that the ground state of problem (If .31) has the proper asymptotic decay. 
We prove here that it does. 

The paper is organized as follows: In section[2]we discuss the variational setting. 
In section [3] we prove the Palais-Smale condition and Theorem 11.11 Section 0] 
is devoted to the proof of Theorem 11.21 The required asymptotic estimates are 
established in Appendix [S] 

2. The variational setting 

Set V au := Vu + iAu, and consider the real Hilbert space 

H A (R N ,C) :={u€L 2 (R N ,C):V A u€L 2 (R N ,C N )} 
with the scalar product 



(u,v) AV :=Re (V^u ■ V A v + V(x)uv) 

We write 

IMkv : = (f MN (|v^| 2 + y(x)|u| 2 )) 



1/2 



for the associated norm, which is equivalent to the usual one, defined by taking 
V = 1 [15], Definition 7.20]. If u G H\{R N ,C), then |u| € H 1 ^) and 

(2.1) |V M (x)\ < \Vu(x) + iA(x)u(x)\ for a.e. x G R N . 

This is called the diamagnetic inequality [15[ Theorem 7.21]. Set 

m , , f f \u(x)\P\u(y)\P , , 
D (u) := / / ' \ n 1 )" n dxdy 

and r := 2N/(2N - a). Note that pr e (2,2N/(N - 2)). The classical Hardy- 
Littlewood-Sobolev inequality Theorem 4.3] yields 

<p(x)ip(y) 



(2.2) 



■ dx dy 



< KU\\ Lr(WLN) \\ib\\ Lr 



f - v\ 

for some positive constant K = K(a, N) and all <p,ij} € i r (R Ar ). In particular, 

(2.3) B(u) < K\\u\\f pr{RN) 

for every u G H\(R N , C). This shows that D is well-defined. Inequalities (|2.ip and 
(|2.3|) . together with Sobolev's inequality, yield 

(2.4) ©(w) 1 ^ < 5, ||u||^ x 

for some positive constant S 1 * = 5* (p, a, N) and every u G H\(R N , C). 
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The energy functional Ja,v '■ H\(R N , C) — > R associated to problem (|1.1|) . 
denned by 

1 2 1 

Ja.vW := g INa.v - 2^ ID ^' 

is of class C 2 . Its derivative is given by 

J' AtV (u)v := (u, w) A v - Re / (-L * \ u \?-\w. 

Jr n \ Fl J 

Therefore, the solutions to problem (jl.ljl are the critical points of Ja,v- 
The action of G on H\(R N ,C) given by (g, u) H- w g , where 

(%)0) : = r(g)u(g' x x), 

satisfies 

("j.f^.v = ( u > v )a,v and D K)=%) 
for all g £ G, u,v £ H A (R N , C). Hence, Ja,v is G-invariant. By the principle of 
symmetric criticality [24j [32], the critical points of the restriction of Ja,v to the 
fixed point space of the G-action, defined as 

H\(R N ,C) T : ={u£H A (R N ,C):u g = u} 

are the solutions to problem (|1.1|) which satisfy (|1.5|) . The nontrivial ones lie on 
the Nehari manifold 

M\ v := {u £ H\(R N ,C) T :^0, ||u||* >v - B(u)}, 

which is radially diffeomorphic to the unit sphere in H\(R N , C) T , and 

E T A v := inf JavM= inf max J A v{u) 

is the first mountain pass value of the functional Ja,v '■ H\(R N , C) T — » K. 

3. The Palais-Smale condition 

Recall that J A .y ■ H\(R N ,C) T -> R is said to satisfy the Palais-Smale condition 
(PS) C at the level c, if every sequence (u n ) such that 

u n £ H\(R N , C) r , VK)^c, VJ A ,v{u n )^0, 

contains a convergent subsequence. 

For A £ (0, oo ) we consider the problem 

~Au + \u= ( 1 ^ r *|u|*) |ur 2 u, 
li 6 iJ^R^), 



= {ne #A( rJV , c ) : "(fi^) = T (s)«0) Va; £ R*, g £ G}, 



(3.1 



and write J A : F 1 ^) -> R, 

:= 5 IHli - f with ||u||*:=/ (\Vu\ 2 + Xu 2 ) 

for its associated energy functional, and 



i?A := inf max J\(tu) 



for the first mountain pass value of J\. 
We shall prove the following result. 
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Proposition 3.1. The functional Ja,v '■ H\(R N ,C) T — > R satisfies (PS) C at each 

c < ( min 4fGx)Ev , 

a;eR«\{0} 

where := liminf| 2 ,|_ ! . 00 V(x). 

The similar statement for the local nonmagnetic problem is well known and can 
be traced back to Lions' paper [15] . The local magnetic case was recently treated 
in [3] . The proof of Proposition 13.11 though it follows a similar pattern, requires 
different arguments at several points where the facts used in [3] are either not known 
or do not carry over easily to the nonlocal case. 

We start by recalling some basic facts about group actions, see [7] for details. 
Let x G R . The G-orbit Gx of x is G-homeomorphic to the homogeneous space 
G/G x . Isotropy groups satisfy G gx = gG x g~ x . Hence the set of isotropy groups of 
1^ includes all groups in their conjugacy classes. Note also that, if #Gx < oo, 
there is only a finite number of groups conjugate to G x . The conjugacy class (G x ) 
of an isotropy group G x is called an isotropy class. The set of isotropy classes of 
M. is finite. Conjugacy classes of subgroups of G are partially ordered as follows: 

(Ki) < (K2) there exists g G G such that gK\g~ x C K%. 

We set 

(R N ) K := {x G R N : gx = x for all g G K}. 

Lemma 3.2. Let (y n ) be a sequence in R . Then, after passing to a subsequence, 
there exist a closed subgroup T of G and a sequence (£„) in R N such that 

(a) (dist(Gy n , £„)) is bounded, 

(b) g c „ =r, 

(c) if |G/r| < 00 then \gCn — gCn\ — ► 00 for all g,g G G with gg 1 ^ T, 

(d) if\G/T\ = 00, there exists a closed subgroup V of G such thatT C T', |G/r'| — 
00 and \gC, n — g(n\ — > 00 for all g,g £ G with gg -1 ^ T'. 

Proof. Set V := {x € R N : \G/G X \ < 00}. Note that V is a G-invariant linear 

subspace of R N . We consider two cases. 

Case 1. The sequence (dist(y„, V)) is bounded. 

Let $ be the set of isotropy classes (G x ) such that x e V and, for some g G G, 
(dist(y„, (R N ) 9G:c9 )) contains a bounded subsequence. We claim that 5 7^ 0- In- 
deed, if z n is the orthogonal projection of y n onto V, after passing to a subsequence 
we may assume that G Zn = K for all n G N. Since dist(y„, (R^)-^) = |y„ — z n \ = 
dist(y„, V), we conclude that (K) G 

We choose T and a subsequence of (y n ) - which we denote the same way - such that 
(r) is a maximal element of $ and 

dist(y„, (R w ) r ) < c < 00 Vn G N. 

Let Cn be the orthogonal projection of y n onto (R^) 1 ". 
(a) is trivially satisfied since 

dist(Gy„, Cn) < \y n ~ Cn| = (dist(y„, (R JV ) r ) < c Vn G N. 

Passing to a subsequence we may assume that G^ n = K for all n G N. Then, 

dist(y n ,{R N ) K ) = \y n -Cn\<c Vn G N. 

Therefore (JsT) G 5- Since T C G^ n and (r) is maximal, we conclude that (G^ ) = 
(r). It follows that G c „ = T. This* proves (b). 
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Since |G/r| < oo, in order to prove (c) it suffices to show that, if g ^ T, then 
(g( n — Cn) docs not contain a bounded subsequence. Arguing by contradiction, 
assume there exist g T and a bounded subsequence of (g( n — Cn)- Let K be 
the subgroup of G generated by T LI {g} , W := (f^)^ and be the orthogonal 
complement of W in (R N ) r . Write 

Cn = £ + £ with £ e W and CeW^. 

Then g£ — £ = g( n — ( n . Since g £ T, assertion (b) implies that g( n ^ Cn- Hence 
£ ^ and, passing to a subsequence, we have 

C 2 

IC 2 I ^ 

If (C 2 ) is unbounded, a subsequence satisfies 



\Cn\ 



IffCn ~ Cn\ 
\£\ 



0. 



Therefore £ € IT, which is a contradiction. If, on the other hand, (£ 2 ) is bounded 
then, passing to a subsequence such that G^i = K\ for all n e N, we conclude that 



dist(y„, 



£\ < \yn-Cn\ + \C\ <c'<00. 



Hence (-Ki) = (T), which is again a contradiction. 
Case 2. The sequence (dist(y„,F)) is unbounded. 

Passing to a subsequence, we may assume that dist(y„,F) — > oo and that there 
exists an isotropy class (r) such that (G Vn ) = (T) for all neN. We choose C, n £ Gy n 
such that G c „ = T. Then (a,) and (b) hold. Note that \G/T\ = oo. 
Let us prove (d). Let V^ 1 - be the orthogonal complement of V in R N and £„ be the 
orthogonal projection of ( n onto V^. Passing to a subsequence, we have 

Set r' := G € . Then r C V and |G/T'| = oo. If [ 5 ] , [g] e G/L' and [ 5 ] ^ [5] w e have 



that d := 



<jf£| > 0. Let n G N be such that 



< I for n > n . Then, 



<l<tf-&l 



5£ 



< 



Consequently, 

^dist(C„, V) = I < \9^n -Kn\< IffCn 

Since dist(£„, V) — > 00, assertion (c?J holds. 
Set fi K := {lei": |x| > i?}. We write 



Kn\ 



□ 



E X,R '■- 



inf 



max J\(tu) 



«eff 1 (n H ) G v{o} t>o 
for the first mountain pass value of the restriction of J\ to the subspace 

H'(n R ) G := {u e itf^fl) : M<7*) - u(x) V.g e G, z e 
As usual we identify a function in iJ^fi^) with its extension by in H 1 (R N ). 
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Lemma 3.3. We have 



lim E G n = ( min #Gx)E x . 

Proof. It is easy to see that E\ < E G R < (min, ceK N\{o). #Gx)E\. Arguing by con- 
tradiction, assume that c :— sup fl>0 E G R < (min ;I , eR ]v\{ } #Gx)E\. Then c£l. 
By Ekeland's variational principle [32l Theorem 2.4], we may choose u n G Hq (fl n ) G 
such that 

(3.2) J A (w„)-s. C and || V„ J A (w„)ll a ~> °> 

where W n J\(u) denotes the orthogonal projection of VJa(m) onto Hq(H 71 ) g . A 
standard argument yields 

— ll^nllx — > c and — B(u„) —> c. 

We write B(y, s) :— {x £ R N : \x — y\ < s} and set 



r\ := lim sup sup 

Since c > 0, Lions' lemma [321 Lemma 1.21], together with inequality (|2.3[) . yields 
that r\ ^ 0. We choose y n G K w such that 

/ w 2 >|. 

JB(y n ,l) * 

Next, we replace (y n ) by (£„) satisfying all conditions of Lemma 13. 2\ and set 
v n (x) :— u n (x + £„). Passing to a subsequence, we may assume that v n v 
weakly in ff 1 ^), w„(x) -> y(a:) a.e. in R N , and u„ -> t> strongly in L^ oc (M Ar ). 
Choosing R > such that dist(Gy„, £„) < i? for all n € N, we obtain 



tin. > 



,2 . n 

u n\ > 2" 



'B(0,fl+1) 

Hence, u ^ and \Cn \ — n > — (J? + 1) for rt large enough. 
Note that, since u n e i? 1 (]R Ar ) G , we have that 

(3.3) Un(a;) = u n <7 _1 (a: - g( n ) for all g e G. 

Let g\, ■ ■ ■ ,g m £ G be such that Is^Cn — ffiCnl — >• oo if i ^ j. Then, 

m 

i=i+l 

weakly in H 1 (R N ). Therefore, 



v n g j 1 - E "nfl 1 , *( ' -9iCn+9jCn) 



i=j+i 



The change of variable y = x — gj( n , together with (13.3[) . yields 



E V n9 % H ■ ~ 9i(n) 



+ IMI 2 A + o(i), 
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and iterating this equality we obtain 

, 2 

T,'"n9~ 1 { ■ -SiCn) 



+ m\\v\\l + o(l). 



A 



Multiplying by and passing to the limit as n — > oo gives 

P G r "P- 1 n ||2 . 1 n ||2 

sup^ A!jR , = hm — — \\u n A > — — m v A . 
i?>o n ^°° 2p A 2p 

Since sup fl>0 E^^, < oo, condition (d) in Lemma 13.21 implies that |G/r| < oo, 
where V = G^ n . Condition (c) allows us to take m — \G/T\ = #GCn- Hence, 

sup E? R > ( min #Gx)?^- \\v\\l . 

To finish the proof we will show that \\v\\ 2 x > E\. We distinguish two cases: 
Case 1. If the sequence (|£ n | — n) is unbounded, passing to a subsequence we may 
assume that | Cn I — ^ — ^ 00 • Then, every compact subset of M. N is contained in 
— Cn f° r n large enough. So, by (I3.2[) . v is a nontrivial solution to problem (|3.1|) . 
Hence, J A («) = ^ ||«|| A > £ A . 

Case D. If (|C„| — n) is bounded then, after passing to a subsequence, we may 
assume that |£ n | — n — > d in R and that — > Co in W N . Consider the half-space 

M := {x £ M. N : (x + d£o) • Co > 0}. Since every compact subset in the interior of 
M. N x H is contained in M. \ (fi„ — Cn ) for large enough n, we have that v € i?Q (H) . 
Moreover, since every compact subset of H is contained in tt n — Cn f° r large enough 
n, we have that v is a nontrivial solution of 




Hence, J x (v) = ^ > inf ueH i (IH) ^ {0} sup t > J\(tu) > E x , as claimed. 
We conclude that swp R>Q E^ R > (min xeK jv\{ } H z Gx)E\, contradicting our as- 
sumption. □ 

Lemma 3.4. Let (u n ) be a sequence in H A (M. N ,C) T such that u n weakly in 
H\(R N ,C), 

Jav( u ti) c < ( min j^Gx)Ey , and V J a v(u n ) — > 
■~ Y \{o} 



strongly in H A (W , C), where Voo := liminfui^oo V^(x). TTien a subsequence of(u„) 
converges strongly to in ff^(R w , C). 

Proof. A standard argument shows that 

— 1 — 1 

IknIUv - *' and ""S D(ltn)->C. 

So, if c < 0, then «„ — > strongly in H\(R N , C) and we are done. 

Assume that c > 0. Fix A < Voo such that c < (min a , eR ]v\{o} 4^Gx)E\, and i?o > 

such that V(x) > A if |ar| > R . Let e e (0, 1). Since (tt„) is bounded in /^(M^, C) 
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there exists R e > Ro such that R £ — > oo as e — > and, after passing to a subse- 
quence, 

/ (\\7 A u n \ 2 + V(x)\u n \ 2 ) < e forallneN. 

We may assume that \u n \ -> strongly in L r ^ c (R N ) with r := 2N/(2N - a). 
Let x G C 00 (R JV ,R) be radial and such that x(z) = if |a;| < R e , x(x) = 1 if 
M > Re + 1, and x(a;) G [0, 1] for all a; € R w . Set iy„ := \u n - Then, using (|2~2"j) we 
obtain 

\\u n {x)\P\u n {y)Y>~\w n {x)Y>\w n {y)Y>\ 



»W-%„)| < 



< 2 



f - yl 

\u n {x)\P\\u n {y)\P -\w n {y)\P\ 

\x - y\ a 



■ dxdy 



dxdy 



(3.4) 



< 2K\\u n \\l V r {KN) \\\u n {x)Y> - \w n (y)\v\\ L r [KN) 

< C ll u n|li,rp( S ( 0)Re+1 )) = o(l). 



Here and in the following C denotes some positive constant independent of n, not 
necessarily the same one. Similarly, 



1 

< C\\u,, 



I IP— 2 

\u n r u n w n 



1 



I IP— 2 

u>„ r W n W n 



J 'n|lL>'p(_B(0,fl. e + l)) — 

Therefore, 

| J'A,v( u n)Wn ~ J A y(w n )w n\ S \ \U n W n ,W n / A y + o(l) 



< C 



f (|Vau„| 2 + 1/(x)| w „| 2 



•0(1). 



Since J' A v (u n )w n — > we conclude that 



n\\A,V 



KWn) 



< Ce for n large enough. 



Noting that D(w n ) — > (2p/ (p — 1)) c > and using the diamagnetic inequality (12.1 
we obtain that 

IIKIIIa ^ IKIllv 



(3.5) 



< 



for n large enough. Observe that 



g < B( W „) (p - 1)/p + Ce 



c Ajiie < max Ja,v(* |w„|) 
Together with (|3.5[) , this inequality yields 



P-l 
2p 



p/O-i) 



4 )1/P 



< 



2p 



t(«'n) (p_1)/p + Ce 



p/(p-i) 



So letting first n — > oo and then e — > we conclude that 

lim cf R < c < ( min ^ #Gx)E\. 



i6l N \{0) 



This contradicts Lemma [3~3l Hence, c = and u n — > strongly in C). □ 
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Lemma 3.5. Let (u n ) be a sequence in H\(R N , C) T such that u n u weakly in 
H\(R N ,C). The following hold: 

(i) W(u n )v ~>W(u)v for all v £ H\(R N ,C). 

(ii) After passing to a subsequence, there exists a sequence (u n ) in H\(R N , C) T 
such that u n — > u strongly in H\(R N ,C), 

B(u n ) - D(«„ - u n ) -> D(u) in R, 

W(u n ) - W{u n - Un) -> W(u) m [H\(R N , C)] * . 

Proof. The proof is completely analogous to that of Lemma 3.5 in pQ. The function 
u n is the product of u n with a radial cut-off function, so u n belongs to H A (R N , C) T 
if u n does. We omit the details. □ 



Proof of Proposition [3TH Let u n £ H\(R N , C) T satisfy 

■/a y(%) — > c < ( min #Gx)Ey , and VJa y(u n ) — > 
a:eR JY \{o} 

strongly in H\(R N ,C). Since (u„) is bounded in H A (R N ,C) it contains a subse- 
quence such that u n — u weakly in if^R-^, C) T . By Lemma [3.5i u solves (|1.1[) 
and, after passing to a subsequence, there exists a sequence (u„) in H\(R N , C) r 
such that w„ := u n — u„ — weakly in H\(R N , C), 

Ja,v(Uu) - Ja,v{v u ) -> Ja,v{u) in M, 

VJa,v (ti n ) - VJa,v(u«) -> strongly in ff^QR^, C). 

Hence, J^yf/it) > 0, 

^A,y(«n) -> c— Ja,v(«) < c, and VJa,v(w„) 

strongly in , C). By Lemma I3T41 a subsequence of (u n ) converges strongly to 

in H A (R N ,C). This implies that a subsequence of (u n ) converges strongly to u 
ixvH\{R N ,£)■ □ 

There exists a unique isotropy class (P) such that 

Rf P) := {x £ R N : (G x ) = (P)} 

is open and dense in R N . (P) is called the principal isotropy class. Any other 
isotropy class satisfies (G x ) > (P), see e.g. [3 Chapter I, Theorem 5.14]. 

Proof of Theorem 11.11 By Proposition 13. H if #Gx = oo for every x £ 
R N s {0} then J Ay : H\{R N ,C) r R satisfies (PS% for every c G R. The 
group S 1 acts on H\(R N , C) r by complex multiplication, with as its only fixed 
point, and J A ,v is S 1 -invariant. Standard arguments, using inequality (|2.4p . show 
that J A y satisfies the mountain pass conditions of the S^symmetric mountain pass 
theorem, cf. fTUl Theorem 3.14] or [SJ Theorem 1.5]. In order to conclude that Ja,v 
has an unbounded sequence of critical values we need to show that H A (R N , C) T is 
infinite dimensional. 

The quotient map R|™ — > R^/G onto the G-orbit space of RfL is a smooth 
fibre bundle with fibre G/P. Hence, the G-orbit of every x £ R? P \ has a tubular 
neighborhood U x which is G-diffeomorphic to the product B x (G/P) of an open ball 



12 



SILVIA CINGOLANI, MONICA CLAPP, AND SIMONE SECCHI 



B of dimension N — dim G/P with G/P, with the obvious G-action. Assumption 
(Ho) implies that P C kerr. Hence, the function 

C™(B, C) ->■ G c °°(5 x (G/P) , C) T s G c °° (U x , C) r , 

given by 95 1— ¥ tp where y>(z, gP) := r(g)ip(z), is well defined and it is a linear isomor- 
phism. Here the superindex r indicates again the subspaces of functions satisfying 
(1T51) . Since C™(U X , C) T C H\(R N ,C) T and G C °°(£,C) is infinite dimensional, it 
follows that H\(M. N , C) t is infinite dimensional. □ 

4. Proof of Theorem 11.21 



Throughout this section we assume that (Hi) and (H2) hold. 

It is known that the first mountain pass value E\ of the functional J\ associated 
to problem (|3.1[) is attained at a positive function u)\ G iJ 1 (R A '). This can be 
proved using Lions' concentration compactness method |18j . Recently, Ma and 
Zhao showed that, if (Hi) holds, then every positive solution of (13. ip is radially 
symmetric 20 . After translation, we may assume that uj\ is radially symmetric 
with respect to the origin. Moreover, for every ji G (0, A), 



.... lu x (x) =0(\x\~— e-v^M) 

4.1 AW Vl 1 ) as x 00. 

|Vwa(sb)| = Odxp— e-v^l*l) J 

We prove this in Appendix IA1 We write Woo := u>v x f° r K» := linLi^i^oo V(x). 

Let k be as in assumption (H2). Fix /i G (0, V^o) such that k G (0, 28 T ^fJi). Fix 
£ G (0, (2S Ty /Jl— K)/(2S Ty /Jl+K)) and a nonincreasing cut-off function x G G°°[0,oo) 
such that x (t) = Hit < l-eandx(*) = if* > 1. For Re (0,oo) and u e iJ^E^) 
we write 



In the following C will denote some positive constant, not necessarily the same one. 
Lemma 4.1. As R — > 00, 

(4.2) / |V Woo | 2 - |V^| 2 = 0( e - 2 ^d-^) ; 

(4.3) |D( Woo ) - D(w£)| = OCe-^ 1 - 6 )^). 
Proo/. To prove (|Qjl we apply (|2~2|) as in ([3T]) . and (03} to obtain 

|E>( Woo ) - D(w£)| < 2tf||a&|| z ,. (R * ) ||w£ ) - (w*)" |U,. (R «) 

< G f / w£(z)d&) 

\J\x\>(l-e)R J 

<C\ [ e-P^dt) =Ce- p ^ 1 -^ R , 

\J(l-e)R J 

as R — > 00 . The proof of (|4.2j) is also easy. □ 



For y eR N set P,, := [(n + 25 T ^fJi) / A5 T ^fJi] S T \y\. Note that R y G (0,5 T |y|). 
Since 5 T £ (0, 1] we have that \y \ — R y —> 00 as \y\ — > 00. For u G i? 1 (M Ar ) we write 
u y (x) := u(a; - y). 



MAGNETIC NONLINEAR CHOQUARD EQUATION 



13 



Lemma 4.2. There exist go, do G (0, oo) such that 

J A ,v{t(cu^) v ) < E Vao - d e- K ^ for all t > if \y\ > g a . 

Proof. Let u G if 1 (R JV ). Observe that, since u is real-valued, |V^u| 2 = |Vu| 2 
|A| u 2 . Therefore, (H2) implies there exist positive constants Gi,G2 such that 



C x \\u\& < \\u\\\ v < G 2 Hull" for all u e H\R N ). 



Note also that 



max J A y{tu) = J A y(t u u) iff t u = 



2 v l/(2p-2) 

ML,v \ 



t>o v ' v " ' I D(«) / 

So, since cj^" — ► Woo in _ff 1 (R JV ) as \y\ — ¥ 00, there exist < t\ < t<i < 00 such that 
maxJ A ,v{t(u*y) y ) = max Ja,v(*(w2')») 

t.>U ti<~t<~Z2 

for all large enough |y|. 

Let i g [ti,t2]- Assumption (H2) yields 

(\A\ 2 + V)(tu>%) 2 y <t 2 f (\A(x + y)\ 2 + V(x + y))(u J ^) 2 (x)dx 

R N J\x\<R v 

<t 2 f (Vco-coe-^+y^Wdx 

J\x\<R y 

<f Voo {tio^f - ( c tl [ e-'Wu&Wdx ) e~ K M 

JR N \ J\x\<l J 

for \y\ large enough. Therefore, using Lemma l4.1| we get 
J A , V (t(w%) y ) = \ \H"%)yf AtV - ^(t(^)y) 

1 "■ " 2 -i-D(^ co )-Ce- K ^l+0(e- 2 ^ 1 - £ )^) 



~ K \y\ 



< 5 ll*^oo|lv^ 2p 

< maxJv (tujoo) — doe 

t>o 

= E Voa - d e- Rlyl 

for sufHciently large \y\, because our choices of e and R y guarantee that 2y / /I(l — 
e)Ry>K\y\. a 

Proof of Theorem 11.21 Choose £ 6 such that #G£ = min, I . eK iv^{ } #Gx, 
|£| = 1, G^ C kerr, and 

mm{| 5 £ - h£| : g, h G G, <?£ ^ ^} = 2<5 r if #G£ > 1. 

Note that #G£ < 00 because <5 r > 0. Set y := £)q£, with go as in Lemma l4~2l and 

gyeGy 

Since Woo is radially symmetric we have that 9{gx) — r(g)9(x) for every g G G, 
.x G R*. Moreover, since i? y < <5 T |y| , the functions (uJxt) gy and {ui R ^)hy have 
disjoint supports if <?£ ^ So applying Lemma l4~2l we obtain 

J A ,v(t9) = (#G$) J A y(t(u%) y ) < (#G(;)E Voo 
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for all t > 0. This implies that E T A v < (min. I . eK iv^{o} H z Gx)Ev oa - By Proposition 
13.11 Ja,v satisfies (PS) C at c = E T A v . The classical mountain pass theorem of 
Ambrosetti and Rabinowitz [2] yields a solution u of problem (jl.lj) which satisfies 



T3|) and Ja,v(u) = 



□ 



Appendix A. Asymptotic decay of ground states 

The following lemma highlights the role 



l 

FT 



We shall prove flUTJ. Set K(x) 
of the assumption h a ,p ^ 0- 

Lemma A.l. If (Hi) holds, then every solution u G H l {R N ) fo problem (13. ip /las 

£/ie following properties: 

(i) u £ L r (R N ) for every r £ [2, oo). 

There exist p < p\ < p 2 and C > suc/i i/iai 



l(^*M p ) (x)\<C(\\u\\ p LP1 



(Hi) K * \u\ p is continuous on and lim^i. 



H,»2(R J 

oo (K * \u 



for all x £ R N . 
p )(x)=0. 



(iv) u is of class C 2 . 
Proof. We prove (i) by a bootstrapping argument. Fix q £ A QiP and set 

1 _ p N - a 
t'~q N ' 

Since q £ A QjP we have that q £ (p, 2N/(N - 2)] and 1/t G (0, 1). Hence if * \u\ p £ 
L\R N ), cf. Q21 Section 4.3 (9)]. Set r := qN/{N + 2q) and 



1 

''i 



(p-l)(JV-2r ) 



p-1 



Ar ^ q t 

Since q G A QiP we have that 1/rx < l/r and 1/ri e (0,1] so, by Holder's in- 
equality, (K * \u\ p ) \u\ p ~ u £ L Tl (R N ). Using L 9 -regularity theory we conclude 
that u £ W 2 ' ri (R N ). Sobolev's inequality then implies that u £ L r (R N ) for every 
r £ [2, N ri /{N - 2n)] if 2r t < N, and u £ L r {R N ) for every r G [2, oo) if 1r x > N. 
If 2r,t < N we continue the process by setting 

1 (p-l){N-2r k -i) , 1 



Note that 



1 



Tk+1 



= (P"1) 



1 1 " 




' l 


1 " 




= (p-i) ft 










r l. 



Hence 1/ru > 2/ A for some A; > 1 and arguing as above we conclude that u £ 
L r (R N ) for every r G [2,oo). 

To prove (ii) we fix 8 £ (0, A — a) and set s := (N — 8)/a and t := (N + 8) /a. 
Write K ^ K 1 +K 2 with Ai G L s (R Ar ) and A 2 G L\R N ). Since p > 2, assertion 
(i) implies that \u\ p £ L r (R N ) for every r G [1, oo). So using Holder's inequality we 
obtain 



l(^i*IOWI<ll^ill iS ( K -)ll^ll^ (KJV) 

\{K 2 * \u\ p ) {x)\ < \\K 2 \\ L t^) \\u\\ P Lpt , (RN) , 
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which immediately yield (ii). Moreover, applying [15| Lemma 2.20] we obtain that 
Kj * \u\ p is continuous and 

lim (Kj * \u\ p ) (x) = 0, j = l,2. 

\x\— >oo 

This proves (Hi). Property (iv) follows from assertion (i), Sobolev's embedding 
theorem and Schauder theory in the usual way, cf. e.g. [281 Appendix B]. □ 

Our set A ajP coincides with the set A defined by Ma and Zhao in [201 Remark 
3], except possibly for the point 2(p — 1)N/ (N + 2 — a) which we have excluded to 
guarantee that 1/ri < 1/tq in Lemma fA.ll above. Note however that A ajP ^ iff 
A ^ 0, because 2(p - 1)N/{N + 2 - a) < 2N/(N - 2) if p < (2N - a)/(N - 2). 

Proposition A. 2. Assume that (H±) holds. Then every positive solution u to 
problem (|3.1|) is radially symmetric with respect to some point and satisfies the 
following: 

(i) Ifp > 2 then 

(A.l) u(x),\Vu(x)\ = 0(\x\' 1 ^ 1 e^ x ^) as \x\ -> oo. 

(ii) If p = 2 then, for every e £ (0, A), 

(A.2) u(x),|Vu(a:)| = 0(\x\' 1 ^ 1 e -VX=Z\*\) as \x\ -> oo. 



Proof. Let u be a positive solution to problem (|3.1I) . Ma and Zhao showed that, 
if (-Hi) holds, then u is radially symmetric and monotone decreasing with respect 
to some point j2Ql Theorem 2]. Fix e £ (0, A). Lemma \A.lV iii) implies that there 
exists i?i > such that ((K * u p ) it^" 1 ) (x) < eu(x) for every |x| > R\. It follows 
that 

-Au(x) + (A - e)u(x) < for |x| > Ri. 

N-l pr . . 

On the other hand, for R 2 large enough, the function v(x) := \x\ 2 e -V>.-£\x\ 
satisfies 

-Av(x) + (A - e)v(x) > for |x| > R 2 . 
Therefore, by the maximum principle, 

u(x) < Ixf^ 1 e -v^=?l^l for | x | > m&x{R 1 ,R 2 }. 

This proves that u satisfies (jA.2j) . Moreover, since u(x) — 0(e^^ x ~ £<[X<[ ) for all 
£ £ (0, A), if p > 2 there exists j3 > y/X such that 

(K* \u\ p )u p -\x) - 0(e-^). 

The same argument given in the last part of the proof of [131 Proposition 1.4] yields 
estimate (|A.1[) for u. Using interior estimates we obtain the decay estimates for 
\Vu(x)\. □ 
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